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Abstract
In a quantum measurement setting, it is known that environment-induced decoherence the-
ory describes the emergence of effectively classical features of the quantum system-measuring
apparatus composite system when the apparatus is allowed to interact with the environment.
In [E.A. Galapon EPL 113 60007 (2016)], a measurement model is found to have the feature of
inducing exact decoherence at a finite time via one internal degree of freedom of the apparatus
provided that the apparatus is decomposed into a pointer and an inaccessible probe, with the
pointer and the probe being in momentum-limited initial states. However, an issue can be
raised against the model: while the factorization method of the time evolution operator used
there is formally correct, it is not completely rigorous due to some unstated conditions on
the validity of the factorization in the Hilbert space of the model. Furthermore, no examples
were presented there in implementing the measurement scheme in specific quantum systems.
The goal of this paper is to re-examine the model and confirm its features independently by
solving the von Neumann equation for the joint state of the composite system as a function of
time. This approach reproduces the joint state obtained in the original work, leading to the
same conditions for exact decoherence and orthogonal pointer states when the required initial
conditions on the probe and pointer are imposed. We illustrate the exact decoherence process
in the measurement of observables of a spin-1/2 particle and a quantum harmonic oscillator
by using the model.
PACS numbers: 03.65.Ta, 03.65.Yz
1 Introduction
The concept of measurement is important to us since it is our way to learn about nature. In the
usual sense, a proper instrument registers a specific value of the property of an object under study.
However, a different scenario arises in the measurement process performed on quantum systems. In
the standard measurement scheme formulated by von Neumann, the Schrödinger equation predicts
a situation where the joint state of the quantum system of interest and the measuring apparatus
becomes entangled at a later time. This situation presents a problem: while the entanglement
between the system and apparatus implies that a correlation between the system and apparatus
states has been established, the apparatus is however not in a state where it registers a definite
read-out of the observable of the system. Furthermore, the problem is made worst by the inability of
the Schrödinger equation to describe how a definite outcome arises from the entangled state of the
system-apparatus combined system [1–6]. Such a conundrum is called the measurement problem;
it is a persistent problem in quantum mechanics that has resulted to the different interpretations
of the theory [4, 5, 7].
In order to solve the measurement problem, one has to find a mechanism that accounts for
the collapse of the entangled state of the system-apparatus combined system into a state that
corresponds to a definite measurement outcome. The collapse of the quantum state can be classified
into two kinds [8–10]. One is the collapse of the first kind, which pertains to the reduction of
the state from quantum superposition into one of the states in the superposition. The other
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classification is called the collapse of the second kind or the statistical collapse of the quantum
state, which pertains to the reduction of the state from quantum superposition into a statistical
mixture. While the solution to the measurement problem demands a process that describes the
collapse of the first kind, standard quantum mechanics however addresses the measurement problem
through the collapse of the second kind, and it is known that the statistical collapse of the quantum
state is described by the process of decoherence. A formalism of standard quantum mechanics that
addresses the measurement problem by the concept of decoherence is called environment-induced
decoherence theory (EIDT) [1–23]. Given the combined quantum system and apparatus in a
correlated entangled state, EIDT claims that decoherence occurs by allowing the apparatus to
interact with the large number of degrees of freedom of an environment; this leaves the combined
system-apparatus in a statistical mixture which is defined by the states of the system and apparatus
that, in the context of EIDT, are interpreted as effectively classical. Despite of its efforts in
addressing the measurement problem, issues are being raised against EIDT due to the features of
its models. In particular, (i) the suppression of the relevant coherences is only asymptotic (i.e. not
exact) so that the emergent classicality from quantum measurement is only approximate, (ii) the
pointer states are approximately orthogonal, which still implies ambiguity in the set of measurement
outcomes [6,11], and (iii) EIDT does not incorporate closed system-apparatus measurement models
since the role of an external environment is necessary to induce decoherence [6,8,12,13]. With the
ideas and criticisms of the theory, there is no general agreement among the scientific community
on whether the measurement problem has been solved by EIDT [4]. Several EIDT models have
been considered in References [2,3,14–17] while some experimental works involving decoherence in
open quantum systems are discussed in References [18–20].
The criticisms (i)-(iii) of EIDT is addressed in a measurement model introduced in Reference [6].
The model assumed a system-apparatus measurement setting but the apparatus was designed in
such a way that it is broken down into two separate subsystems: a pointer which gives the reading of
the measured observable of the system, and a probe with a degree of freedom that is not observed in
the entire measurement process. It was found in the measurement model that "exact decoherence"
is induced at the level of system and pointer when the probe is initially in a momentum-limited
state. There, exact decoherence means that the coherences between the states of the system and
pointer are simultaneously and identically zero at a finite time. Also, it was found that the pointer
states become exactly orthogonal at a longer but finite time under the same initial state imposed
on the pointer. In this model, the "exact" statistical collapse of the state of the system and pointer
is achieved through one internal degree of freedom and then followed by the emergence of the set
of unambiguous measurement outcomes.
Inducing decoherence by one degree of freedom is already established in the literature. In fact,
there are models at which decoherence can be induced via one degree of freedom external to the
system of interest but the way how decoherence occurs in these models is only asymptotic. We
mention references [21,22] for examples of such decoherence models. What makes the measurement
model of [6] novel is the existence of a condition for inducing exact decoherence at a finite time, and
the key for exact decoherence to occur is on the proper initial state of the probe. There, the probe
assumes the role of the environment as a sink; as the interaction progresses, the information cor-
responding to the coherences of the reduced density matrix of the quantum system and apparatus
pointer leaks out into the probe. Provided that the probe is initially in a momentum-limited state,
all of the information corresponding to the coherences is secured in the probe at decoherence time.
From the dynamics of the model, it is found that the probe becomes disconnected at decoherence
time. As a result, the revival of coherences or recurrence does not happen in the model. Such
disconnection process is a characteristic of standard measurement models; that is the apparatus is
disconnected from the quantum system of interest at the end of measurement. While there exists
a condition for exact decoherence to occur in the system and pointer of the measurement model
of [6], it is also found that this model exhibits asymptotic decoherence when the probe is initially
prepared in a gaussian wavepacket in position space. There, the manner at which decoherence
occurs (whether exact or asymptotic) is dictated by the initial state being imposed on the probe.
While the criticisms (i)-(iii) of EIDT is solved in the measurement model of [6], there are is-
sues that can be raised in this model. In particular, one may raise a question on the method of
unravelling the joint state of the composite system as a function of measurement time. There, the
time-evolution operator is factored by using the Zassenhaus formula [24]. While the factorization
is formally correct, one needs to do more when rigor is insisted in applying the Zassenhaus for-
mula in the Hilbert space of the model. However, such a task is non-trivial, and may, in fact, be
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intractable since the operators involved are unbounded. Another issue that can be raised in [6] is
the lack of examples that demonstrate the exact decoherence process and its effects in measuring
observables of specific quantum systems. It is the goal of this paper to address these two issues.
In order to do so, we consider the unitary quantum dynamics of the model by the approach of
solving the von Neumann equation for the joint state of the system-probe-pointer as a function of
measurement time under the assumptions that the subsystems are initially uncorrelated and the
measurement Hamiltonian dominates the free Hamiltonians of the system, probe and pointer in the
entire measurement process. We then show that this approach reproduces the joint state obtained
in the original work, leading to the same conditions for exact decoherence and orthogonal pointer
states when the required initial conditions on the probe and pointer are imposed. Moreover, using
the measurement scheme of [6], we present examples that illustrate exact decoherence in measuring
the observable of spin-1/2 particle and quantum harmonic oscillator. In each example, we assume
specific momentum-limited initial states of the probe and pointer and obtain exact time-dependent
closed-forms for the decoherence factors and for the functions that measure the distinguishability
of pointer states. These functions provide a picture of the dynamics of decoherence on the mea-
surement model given the assumed initial conditions on the probe and pointer. Also, we compute
for the probability densities for the measurement outcomes in the momentum representation of the
pointer evaluated at orthogonality time.
The paper is organized as follows. In section 2, we give a review of the measurement model
discussed in [6]. In section 3, we derive and solve von Neumann equation for the joint density
matrix of the system, probe and pointer as a function of measurement interaction time. In section
4, we present explicit examples wherein the scheme is implemented for the measurements of the
z-component of the spin observable of a spin-1/2 particle and the energy observable of the quantum
harmonic oscillator.
2 Review: Exact Decoherence Brought by One Internal De-
gree of Freedom of the Apparatus
We start by giving an overview of the measurement process that was introduced in [6]. A measure-
ment of a nondegenerate observable A =
∑
k ak|ϕk〉〈ϕk| of a finite dimensional quantum system
S is implemented by means of a measuring apparatus that is decomposed into a pointer and a
probe. There, the pointer gives the read-out of the measured observable A, while the probe is
the part of the apparatus with a degree of freedom that is unobservable in the entire process of
the measurement. The system, probe and pointer form a closed composite system wherein these
subsystems are organized as shown in Figure 1. This composite system has a total Hilbert space
H = HS ⊗HPr ⊗HPo, where HS , HPr and HPo, are the respective Hilbert spaces of the system,
probe and pointer. There, the Hilbert spaces HPr and HPo are taken to be infinite-dimensional.
The measurement follows a von Neumann-like scheme [25] with measurement Hamiltonian given
by
HM (t) = g(t) [αA⊗Q⊗ IPo + β IS ⊗ P ⊗B], (1)
where Q and P are the generalized position and momentum operators of the probe, B is the pointer
position observable, while α and β are positive coupling constants. The time-dependent part g(t) of
the measurement Hamiltonian is taken to be localized in time; it is equal to g0 > 0 at tin ≤ t ≤ tf ,
and is zero for other times. The composite system is prepared initially in a pure uncorrelated
state |Ψ0〉 = |ψS〉⊗ |ψPr〉⊗ |ΦPo〉, where |ψS〉, |ψPr〉, and |ΦPo〉 are the respective initial states of
the system, probe and pointer. It is assumed that HM (t) dominates the free Hamiltonians of the
system, probe and pointer during the duration of the measurement. Then the global state of the
system, probe and pointer after the measurement is given by the joint density matrix
ρf = U |Ψ0〉〈Ψ0|U†, (2)
where
U = exp
(
− i
~
αg0∆τA⊗Q⊗ IPo − i~βg0∆τIS ⊗ P ⊗B
)
, (3)
is the corresponding time-evolution operator. Since U is an exponential of a sum of two non-
commuting operators, it is factored out by using Zassenhaus formula [24], which yields
U = e
iαβg20∆τ
2
2~ A⊗IPr⊗B · e− i~αg0∆τA⊗Q⊗IPo · e− i~βg0∆τIS⊗P⊗B . (4)
3
System Probe Pointer
Apparatus
Figure 1: Implementation of the measurement of a nondegenerate observable A of a finite-
dimensional quantum system S by means of a quantum apparatus that is decomposed into a
probe and pointer.
Equation (4) is the required form of the time-evolution operator to obtain the explicit form of ρf .
By examining the terms in equation (4), a coupling between the observables A and B of the system
and pointer has emerged and it is indicated by the factor e
iαβg20∆τ
2
2~ A⊗IPr⊗B . In Reference [6], the
coupling between A and B is assumed to be independent of their respective coupling to the probe.
This assumption is realized by choosing the coupling constant β to be β = 2λ/αg20∆τ2. There,
λ > 0 is defined as the coupling constant between the observables A and B and is taken to be
independent of α. In getting the joint density matrix ρf , the position operators Q and B of the
probe and the pointer are assumed to admit continuous spectrum in the entire real line and satisfy
the eigenvalue relations Q|q〉 = q|q〉 and B|b〉 = b|b〉. Then, the joint density matrix ρf as a
function of measurement time ∆τ can be written in the form
ρf =
∑
k,l
〈ϕk|ψS〉〈ψS |ϕl〉 |ϕk〉〈ϕl| ⊗
∫ ∞
−∞
dq
∫ ∞
−∞
dq′ e−
i
~αg0∆τ(akq−alq′) |q〉〈q′|
⊗
∫ ∞
−∞
db
∫ ∞
−∞
db′ e
iλ
~ (akb−alb′)〈b|ΦPo〉〈ΦPo|b′〉
× 〈q − 2λb/αg0∆τ |ψPr〉〈ψPr|q′ − 2λb′/αg0∆τ〉|b〉〈b′|, (5)
by substituting equation (4) to equation (2), inserting identity operators IS =
∑
k |ϕk〉〈ϕk|, IPr =∫∞
−∞ dq |q〉〈q|, and IPo =
∫∞
−∞ db |b〉〈b| and performing the necessary operations.
In the measurement model of EIDT, the degrees of freedom of the environment are unob-
served, so that the environment is averaged out from the correlated state of the system-apparatus-
environment. This gives the reduced density matrix of the system and apparatus, which is necessary
in analyzing how decoherence occurs [1–22]. In the measurement model of [6], the degree of free-
dom of the probe is unobservable, so that it is traced out from the joint state ρf . This yields the
reduced density matrix ρS⊗Po = TrPr(ρf ) of the system and pointer which has the form
ρS⊗Po = e
iλ
~ A⊗IPr⊗B ρ∗0 e
− iλ~ A⊗IPr⊗B , (6)
where
ρ∗0 =
∑
k,l
〈ϕk|ψS〉〈ψS |ϕl〉 |ϕk〉〈ϕl| ⊗
∫ ∞
−∞
db
∫ ∞
−∞
db′ 〈b|ΦPo〉 〈ΦPo|b′〉 Ikl(b, b′) |b〉〈b′|. (7)
The functions Ikl(b, b′) are the decoherence factors and are generally given by
Ikl(b, b
′) =
∫ ∞
−∞
dq e−
i
~αg0∆τ(ak−al)q〈q − 2λb/αg0∆τ |ψPr〉 〈ψPr|q − 2λb′/αg0∆τ〉. (8)
The decoherence factors given by equation (8) gives the measure of coherences of the system and
pointer. Exact decoherence is induced to the system and pointer when Ikl(b, b′) = 0 for all k 6= l.
From now on, we denote the decoherence factors by Ik 6=l(b, b′).
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The decoherence factors Ik 6=l(b, b′) is a Fourier integral of the initial state of the probe in q-
space with the parameter αg0∆τ . As pointed out in [6], the key for the vanishing of Ik 6=l(b, b′) is
on the assumption that the initial state 〈q|ψPr〉 of the probe is momentum-limited. By definition,
a wavefunction 〈q|ψPr〉 ∈ L2(R) is momentum-limited if it can be represented by the following
Fourier integral: 〈q|ψPr〉 =
∫ ~κ0
−~κ0 dp e
ipq/~ 〈p|ψPr〉, where 〈p|ψPr〉 is the state of the probe in the
momentum representation and κ0 is a finite and positive real constant [6]. A theorem in the
theory of entire functions states that the complex plane extension of the wavefunction 〈q|ψPr〉 =∫ ~κ0
−~κ0 dp e
ipq/~ 〈p|ψPr〉 is entire and exponential of type κ0 (See Reference [26] or Appendix for
the Paley-Wiener theorem). Then the following Lemma is used to deduce the condition for the
vanishing of Ik 6=l(b, b′):
Lemma 2.1 Let f(z) be entire and exponential of type τ > 0, and
∫∞
−∞ |f(x)|dx = M <∞. Then∫∞
−∞ e
iaxf(x) dx = 0, for all |a| > τ .
Under the assumption that the initial state of the probe is momentum-limited of type κ0, then
from 2.1, all Ik 6=l(b, b′) vanish simultaneously and identically for ∆τ > ∆τD, where ∆τD is the
decoherence time
∆τD =
2κ0~
αg0a0
. (9)
There, the quantity a0 is given by a0 = min{(ak − al), ak > al}. At decoherence time, the probe
becomes disconnected from the system and pointer. Moreover, the reduced density matrix ρ∗0
becomes separable and mixed. The system and pointer becomes uncorrelated at decoherence time.
After exact decoherence has occurred, the final establishment of correlation between the pre-
ferred states of system and the pointer progresses and the full reduced density matrix of the system
and pointer becomes
ρS⊗Po =
∑
k
|〈ϕk|ψS〉|2 |ϕk〉〈ϕk| ⊗ ρk (10)
where ρk’s are the pointer states
ρk =
∫ ∞
−∞
db
∫ ∞
−∞
db′ 〈b|ΦPo〉 〈ΦPo|b′〉I0(b, b′) e iλ~ ak(b−b′) |b〉〈b′|. (11)
Here, I0(b, b′) = Ikk(b, b′). In considering the mutual orthogonality of two distinct pointer states
ρk and ρl, their product ρkρl is investigated, which is shown to have the form
ρkρl =
∫ ∞
−∞
db
∫ ∞
−∞
db′ e
iλ
~ (akb−alb′) 〈b|ΦPo〉〈ΦPo|b′〉Skl(b, b′) |b〉〈b′| (12)
where the function Skl(b, b′) is given by
Skl(b, b
′) =
∫ ∞
−∞
db′′e−
iλ
~ (ak−al)b′′ |〈b′′|ΦPo〉|2F (b− b′′)F (b′′ − b′). (13)
There, the functions F (η) given by F (η) =
∫ κ0~
−κ0~ dp e
2iληp/αg0∆τ~ |〈p|ψPr〉|2 are assumed to be
real-valued and even functions of η for the sake of simplicity. The pointer states are mutually
orthogonal when all Sk 6=l(b, b′) = 0. Under the assumption that the initial state of the probe is
momentum-limited of type κ0, the complex plane extension of F (η) is entire and exponential of
type 2λκ0/αg0∆τ . Under this condition, it is found in [6] that exact orthogonality of pointer
states is achieved if the initial state of the pointer 〈b|ΦPo〉 is also momentum-limited such that its
complex extension is entire and exponential of type b0 > 0. With the application of Lemma 2.1, it
is found that Sk 6=l(b, b′) = 0 for ∆τ > ∆τO, where
∆τO =
4κ0~
αg0(a0 − 2b0~/λ) , (14)
is the orthogonality time. Moreover, exact orthogonality of pointer states requires that the coupling
constant λ should satisfy
λ >
2b0~
a0
(15)
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By comparing the decoherence and orthogonality times, it is found that ∆τO > ∆τD. This means
that the reduced density matrix of the system and pointer has exactly decohered at ∆τ > ∆τD.
Then this is followed by the emergence of unambiguous outcomes at measurement times ∆τ > ∆τO.
One may have an interest on the meaning of the orthogonality condition given by equation (15)
in the measurement of the observable A of the quantum system S using the measurement scheme
of [6]. In orthodox quantum measurement theory, it is known that a projective measurement of
an observable of a quantum system can be realized through the output observable (or pointer)
of the measuring apparatus when the pointer states corresponding to different outcomes of the
system observable have distinct supports. This distinction between the pointer states follows
when the minimum difference between the eigenvalues of the Hermitian operator representing the
system observable is greater than the ratio of the initial uncertainty of the output observable of the
apparatus to the coupling constant between the system and apparatus [25,27]. In the measurement
scheme of [6], the orthogonality condition given by equation (15) implies the condition for the
projective measurement of the observable of S. There, the output observable of the pointer is
its momentum, with an initial uncertainty equal to 2b0~ (the initial uncertainty in the pointer
momentum follows from the assumption that the pointer is initially prepared in a momentum-
limited state with type b0). Hence, when condition (15) is satisfied in the measurement scheme
of [6], a projective measurement of the observable of S can be realized through the apparatus
pointer at measurement times greater than or equal to the orthogonality time. In the examples
to be presented in later sections, we support this implication by showing that the momentum
representation of different pointer states have distinct supports at orthogonality time.
In the measurement scheme of [6], the reduced density matrix ρS⊗Po of the system and pointer
is important since it is needed in analyzing how decoherence occurs on this compound subsystem.
This reduced density matrix is obtained from the joint final state ρf of the system-probe-pointer
by tracing out the probe. In [6], the joint state ρf is obtained by factoring the time-evolution
operator U by Zassenhaus formula, and the resulting factorized form of U is acted on the joint
initial state of the system-probe-pointer. The factorization method via Zassenhaus formula is
formally correct, however it is not rigorous because of the unstated conditions on the validity of
the method in the Hilbert space of the measurement model. Hence, this may raise a question on
the validity of the features of the measurement scheme of [6] (i.e. conditions for exact decoherence
and exactly orthogonal pointer states). In the next section, we confirm the global state of the
system, probe and pointer as a function of measurement time by solving the corresponding von
Neumann equation given that the subsystems are initially uncorrelated.
3 On solving the von Neumann equation for the joint state
of system, probe and pointer
Now we re-examine the unitary dynamics of the system-probe-pointer measurement model by
solving the von Neumann equation for the joint state of the system, probe and pointer as a
function of measurement time. Since the system, probe and pointer comprise a closed composite
quantum system and the self Hamiltonians of the subsystems are assumed to have negligible effect
on the time-evolution of the state of the composite system, then the joint state ρf = |Ψ(t)〉〈Ψ(t)|
is a solution to the von Neumann equation
i~
∂ρf
∂t
= [HM (t), ρf ], (16)
where HM (t) is the measurement Hamiltonian given by equation (1).
Let {|ϕk〉}, {|q〉} and {|b〉} be orthonormal bases in the system, probe and pointer Hilbert
spaces, respectively. Then we can express the final state |Ψ(t)〉 in the form
|Ψ(t)〉 =
∑
k
∫ ∞
−∞
dq
∫ ∞
−∞
db (|ϕk〉 ⊗ |q〉 ⊗ |b〉) fk(q, b; t), (17)
where we define the wavefunction fk(q, b; t) = (〈ϕk| ⊗ 〈q| ⊗ 〈b|)|Ψ(t)〉. From equation (17), the
corresponding density matrix ρf has the form
ρf =
∑
k,l
∫ ∞
−∞
dq
∫ ∞
−∞
dq′
∫ ∞
−∞
db
∫ ∞
−∞
db′ (|ϕk〉〈ϕl| ⊗ |q〉〈q′| ⊗ |b〉〈b′|) fk(q, b; t) f∗l (q′, b′; t). (18)
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This form of ρf contains off-diagonal and diagonal terms, which we denote by ρkl(q, q′, b, b′; t) and
ρkk(q, b; t) respectively. Given equation (18), it can be shown that these terms take the form
ρkl(q, q
′, b, b′; t) = fk(q, b; t) f∗l (q
′, b′; t), (19)
and
ρkk(q, b; t) = Ckk(q, b; t), (20)
where Ckk(q, b; t) = |fk(q, b; t)|2.
Here, our goal is to obtain ρkl(q, q′, b, b′; t) and ρkk(q, b; t) from their respective equations of
motion that can be derived from the von Neumann equation (16). This is done by substituting
HM (t) and equation (18) to equation (16) and tracing out the probe and then the pointer on both
sides of the von Neumann equation. With lengthy but straightforward steps, the trace operation
on the left hand side of equation (16) yields
i~TrPoTrPr
(
∂ρf
∂t
)
= i~
∑
k,l
|ϕk〉〈ϕl| ⊗
∫ ∞
−∞
db
∫ ∞
−∞
dq
∂Ckl(q, b; t)
∂t
. (21)
where we define Ckl(q, b; t) = fk(q, b; t) f∗l (q, b; t). On the other hand, the trace operation on the
right hand side of equation (16) results to the form of Λ = TrPoTrPr[HM (t), ρf ] given by
Λ = g(t)
∑
k,l
|ϕk〉〈ϕl|
∫ ∞
−∞
dq
∫ ∞
−∞
db
[
α (ak − al) q Ckl(q, b; t) + ~
i
β b
∂Ckl(q, b; t)
∂q
]
(22)
Equating (21) and (22) results to the partial differential equation for Ckl(q, b; t)
α (ak − al) g(t) q Ckl(q, b; t) + ~
i
β g(t) b
∂Ckl(q, b; t)
∂q
= i~
∂Ckl(q, b; t)
∂t
, (23)
for k 6= l. Equation (23) is a partial differential equation that is linear and first order in probe
position variable q and time t. Then ρkl(q, q′, b, b′; t) can be obtained by solving equation (23)
given the initial condition
Ckl(q, b; 0) = 〈ϕk|ψS〉〈ψS |ϕl〉 |〈q|ψPr〉|2 |〈b|ΦPo〉|2. (24)
With the use of method of characteristics [28] (see Appendix for the steps), it can be shown that
Ckl(q, b; t) = 〈ϕk|ψS〉〈ψS |ϕl〉 |〈q − βbg0t|ψPr〉|2|〈b|ΦPo〉|2 e− i~αg0t(ak−al)q e i2~αβg20t2(ak−al)b. (25)
Moreover, it follows from the definition of Ckl(q, b; t) that
fk(q, b; t) = 〈ϕk|ψS〉〈q − βbg0t|ψPr〉〈b|ΦPo〉e− i~αg0takq e i2~αβg20t2akb. (26)
With these results, then the explicit expressions for the off-diagonal terms of ρf are
ρkl(q, q
′, b, b′; t) = 〈ϕk|ψS〉 〈ψS |ϕl〉 〈q − βbg0t|ψPr〉〈ψPr|q′ − βb′g0t〉 〈b|ΦPo〉 〈ΦPo|b′〉
× e− i~αg0t(akq−alq′) e i2~αβg20t2(akb−alb′) (27)
In a similar manner, ρkk(q, b; t) can be obtained by solving the partial differential equation
~
i
β g(t) b
∂Ckk(q, b; t)
∂q
= i~
∂Ckk(q, b; t)
∂t
. (28)
subject to the initial condition given by equation (24) with k = l. It is straightforward to show
that (see Appendix)
ρkk(q, b; t) = |〈ϕk|ψS〉|2 |〈q − βbg0t|ψPr〉|2 |〈b|ΦPo〉|2. (29)
With these results, then the explicit form of the joint state ρf as a function of measurement time
t is given by
ρf =
∑
k,l
〈ϕk|ψS〉〈ψS |ϕl〉 |ϕk〉〈ϕl| ⊗
∫ ∞
−∞
dq
∫ ∞
−∞
dq′ e−
i
~αg0t(akq−alq′) |q〉〈q′|
⊗
∫ ∞
−∞
db
∫ ∞
−∞
db′ e
iλ
~ (akb−alb′)〈b|ΦPo〉〈ΦPo|b′〉〈q − 2λb/αg0t|ψPr〉〈ψPr|q′ − 2λb′/αg0t〉 |b〉〈b′|,
(30)
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where we have set β = 2λ/αg20t2. This is the same as that of ρf given by equation (5), with
∆τ = t. Consequently, we can obtain the same form of the reduced density matrix of the system
and pointer (equation 6), decoherence factors (equation 8), and pointer states (equation 11). Then
we can deduce the same conditions for exact decoherence and mutual orthogonality of pointer
states by imposing the necessary assumptions on the initial states of the probe and pointer, that
is, both of them should have momentum-limited initial states.
It is also of interest to consider how decoherence takes place in the quantum system S. This
requires obtaining the reduced density matrix of S as a function of measurement interaction time.
We denote it by ρS . By tracing out the probe and pointer from ρf , we have
ρS =
∑
k,l
|ϕk〉〈ϕl| 〈ϕk|ψS〉〈ψS |ϕl〉
∫ ∞
−∞
db e−
iλ
~ (ak−al)b |〈b|ΦPo〉|2
∫ ∞
−∞
dq e−
i
~αg0t(ak−al)q|〈q|ψPr〉|2
(31)
We consider the decoherence factors of ρS . There are two possible initial conditions for the van-
ishing of the coherences of the system. One condition is when the initial state 〈q|ψPr〉 of the probe
is momentum-limited of type κ0. By applying Lemma 2.1, the off-diagonal elements of ρS vanish
identically for ∆τ > ∆τD, where ∆τD is just the decoherence time given by equation (9). The other
condition for exact decoherence to occur on system is when the initial state of the pointer 〈b|ΦPo〉
is also momentum-limited with type b0. Then the off-diagonal terms of ρS vanish identically when
the coupling constant λ satisfies the condition λ > 2b0~/a0. Thus, exact decoherence occurs at the
level of the system S when either of the probe or the pointer is initially in a momentum-limited
state. This feature of the measurement model has not been seen in [6].
4 Examples
In this section, we illustrate the exact decoherence process in implementing the scheme of [6] in
the measurement on spin-1/2 quantum particle and a quantum harmonic oscillator.
4.1 Spin-1/2 Quantum Particle
We consider the implementation of the scheme in measuring the z-component of spin Sz of a spin-
1/2 quantum particle. Recall that Sz is non-degenerate, and has eigenstates and corresponding
eigenvalues defined by the relation Sz|±〉 = ±~2 |±〉 [29]. The difference between the eigenvalues of
Sz is just ~. We let the probe in the initial state
〈q|ψPr〉 = 1√
κ0pi
sin(κ0q)
q
, (32)
where κ0 > 0. Moreover, we let the initial state of the pointer to be
〈b|ΦPo〉 = 1√
b0pi
sin(b0b)
b
, (33)
where b0 > 0. The wavefunctions given by equations (32) and (33) have momentum representations
that have compact supports and therefore, have complex plane extensions that are entire and expo-
nential of type κ0 and b0 respectively (see Appendix). Then from equation (8), the corresponding
decoherence factors of reduced density matrix of the system-pointer are given by
I+−(b, b′) =
1
κ0pi
∫ ∞
−∞
dq e−iαg0∆τq
sin
[
κ0(q − 2λbαg0∆τ )
]
(q − 2λbαg0∆τ )
sin
[
κ0(q − 2λb′αg0∆τ )
]
(q − 2λb′αg0∆τ )
, (34)
and I−+(b, b′) = I∗+−(b, b′). From [6] (or by using Lemma 2.1), it can be argued that I+−(b, b′)
and I−+(b, b′) are both exactly zero for measurement times ∆τ > 2κ0/αg0, where the minimum
∆τD = 2κ0/αg0 is the corresponding decoherence time. However, we show here that I+−(b, b′) and
I−+(b, b′) vanish for times ∆τ ≥ ∆τD instead of the former condition ∆τ > ∆τD by evaluating
their closed forms. Using the techniques discussed in [30,31], we have
I+−(b, b′) =
iαg0∆τ
4λκ0
U(b, b′) Θ(2κ0 − αg0∆τ), (35)
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where
U(b, b′) =
[
e
−2iλ
(
κ0
αg0∆τ
(b−b′)+b′
)
− e2iλ
(
κ0
αg0∆τ
(b−b′)−b
)]
b− b′ , (36)
and Θ(x) is the Heaviside step function. The presence of Θ(2κ0 − αg0∆τ) verifies the condition
for the vanishing of I+−(b, b′) and I−+(b, b′) as a consequence of Lemma 2.1. However, if we set
∆τ = 2κ0/αg0, we find that U(b, b′) = 0 so that both I+−(b, b′) and I−+(b, b′) are equal to zero.
Thus, the relevant coherences vanish for ∆τ ≥ 2κ0/αg0. Figure 2 shows the plot of the real and
imaginary parts of I+−(b, b′) as functions of measurement time ∆τ . Both real and imaginary parts
of I+−(b, b′) oscillate with increasing amplitude in time but eventually vanish for ∆τ ≥ 0.25, with
the minimum exactly equal to the corresponding value of the decoherence time (equation 9) given
the assumed values of the relevant parameters. A quadrature evaluation of equation (34) can be
implemented and yields results that are exactly the same as that of the plots in Figure 2.
Then, the pointer states are ρ+ and ρ−, which are given by
ρ± =
C(∆τ)
b0pi
∫ ∞
−∞
db
∫ ∞
−∞
db′
sin[ 2λκ0αg0∆τ (b− b′)]
(b− b′)
sin(b0b)
b
sin(b0b
′)
b′
e±
iλ
2 (b−b′) |b〉〈b′|, (37)
where C(∆τ) = αg0∆τ/2λκ0. In order to see how the pointer states ρ+ and ρ− become exactly
orthogonal, we investigate the function S+−(b, b′) given by
S+−(b, b′) =
C2(∆τ)
b0pi
∫ ∞
−∞
db′′ e−iλb
′′ sin2(b0b
′′)
b′′2
sin[ 2λκ0αg0∆τ (b− b′′)]
(b− b′′)
sin[ 2λκ0αg0∆τ (b
′′ − b′)]
(b′′ − b′) , (38)
and obtain a condition for the vanishing of the S+−(b, b′). It can be shown that the product of the
three cardinal sine functions in equation (38) has a complex plane extension that is exponential
of type 2b0 + 4λκ0/αg0∆τ . It follows from Lemma 2.1 that S+−(b, b′) vanishes provided the
conditions λ > 2b0 and ∆τ > ∆τO are satisfied, with the minimum ∆τO = 4λκ0/αg0(λ− 2b0) the
corresponding orthogonality time. However, we show from the closed form of S+−(b, b′) that the
pointer states become exactly orthogonal under the conditions ∆τ ≥ ∆τO and λ > 2b0. With the
same techniques employed in evaluating the integral for I+−(b, b′), we can solve for the explicit
form of S+−(b, b′). The result is
S+−(b, b′) =

G1(b, b
′) ; 0 < ∆τ ≤ 4λκ0αg0(λ+2b0) ,
G2(b, b
′) ; 4λκ0αg0(λ+2b0) ≤ ∆τ ≤ 4κ0αg0 ,
G3(b, b
′) ; 4κ0αg0 ≤ ∆τ ≤ 4λκ0αg0(λ−2b0) ,
0 ;∆τ ≥ 4λκ0αg0(λ−2b0) ,
(39)
where
G1(b, b
′) =
iC2(∆τ)
2b0
[
e−iλb
′− 2iλκ0αg0∆τ (b−b
′)
(b− b′)
sin2(b0b
′)
b′2
− e
−iλb+ 2iλκ0αg0∆τ (b−b
′)
(b− b′)
sin2(b0b)
b2
]
, (40)
G2(b, b
′) =
C2(∆τ)
8b0
[
f(b′) e−
2iλκ0
αg0∆τ
(b−b′)
(b− b′) −
f(b) e
2iλκ0
αg0∆τ
(b−b′)
(b− b′) −
φ+(b, b
′) e−
2iλκ0
αg0∆τ
(b+b′)
b b′
]
, (41)
and
G3(b, b
′) =
C2(∆τ)
8b0
[
h(b) e
2iλκ0
αg0∆τ
(b−b′)
(b− b′) −
h(b′) e−
2iλκ0
αg0∆τ
(b−b′)
(b− b′) +
φ−(b, b′) e
− 2iλκ0αg0∆τ (b+b
′)
b b′
]
. (42)
In equations (40)-(42), we have the following shorthand notations: f(x) = i e−iλx[4 sin2(b0x) +
e−2ib0x]/x2, h(x) = i e−i(λ−2b0)x/x2, and φ±(b, b′) = ±2b0 + λ+ i(b+ b′)/bb′ − 4λκ0/αg0∆τ . This
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Figure 2: Plot of (a) real part, and (b) imaginary part of the decoherence factor I+−(b, b′) given
by equation (35) as a function of interaction time ∆τ for the measurement of the observable Sz of
a qubit, with parameter values λ = 4 α = 1, κ0 = 0.25, g0 = 2, b = 1.5, and b′ = −2. Both real
and imaginary parts of I+−(b, b′) vanish at and beyond ∆τ = 0.25. Evaluation of the I+−(b, b′) by
quadratures leads to the same plots as above.
closed form of S+−(b, b′) holds under the condition λ > 2b0. Thus the pointer states become
exactly orthogonal for ∆τ ≥ 4λκ0/αg0(λ − 2b0) and provided that λ > 2b0. Figure 3 shows the
plot of the real and imaginary parts of S+−(b, b′) as functions of time ∆τ . Here we find that
both Re[S+−(b, b′)] and Im[S+−(b, b′)] vanish for ∆τ ≥ 1.00, with the minimum exactly equal
to the orthogonality time ∆τO = 1.00 given the assumed values of the relevant parameters. By
comparing the decoherence and orthogonality times, we have confirmed in this example that exact
decoherence occurs at an earlier time than the time required for the pointer states to become
exactly orthogonal, i.e. ∆τO > ∆τD. The possible outcomes of measuring Sz are unambiguous at
measurement times greater than or equal the orthogonality time.
Now we show that when the orthogonality condition λ > 2b0 holds and at ∆τ = ∆τO, the
supports of the probability densities of the outcomes computed from the pointer states ρ+ and ρ−
do not overlap at orthogonality time. Since the output observable of the pointer is its momentum,
let |s〉 be the pointer momentum eigenstate and s be the corresponding momentum variable. We
compute for the normalized probability densities 〈s|ρ+|s〉∆τ=∆τO and 〈s|ρ−|s〉∆τ=∆τO in the pointer
momentum representation and evaluate these expressions at time ∆τ equal to the orthogonality
time. Here, there are three possible cases at which these terms have the following forms: when (i)
λ > 4b0, we have
〈s|ρ+|s〉∆τ=∆τO =

0 ; s ≤ 0,
s
2b0~2(λ−2b0) ; 0 ≤ s ≤ 2b0~,
1
(λ−2b0)~ ; 2b0~ ≤ s ≤ (λ− 2b0)~,
(λ− s~ )
2b0~(λ−2b0) ; (λ− 2b0)~ ≤ s ≤ λ~.
0 ; s ≥ λ~,
(43)
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Figure 3: Plot of (a) real part, and (b) imaginary part of S+−(b, b′) given by equation (39) as a
function of measurement time ∆τ at parameter values λ = 4 α = 1, κ0 = 0.25, g0 = 2, b0 = 1,
b = 1.5, and b′ = −2. The vanishing of the real and imaginary parts of S+−(b, b′) for ∆τ ≥ 1.00
implies the exact orthogonality of the pointer states at those times. Evaluation of the S+−(b, b′)
by quadratures leads to the same plots as above.
and,
〈s|ρ−|s〉∆τ=∆τO =

0 ; s ≥ 0,
− s2b0~2(λ−2b0) ; −2b0~ ≤ s ≤ 0,
1
(λ−2b0)~ ; −(λ− 2b0)~ ≤ s ≤ −2b0~,
(λ+ s~ )
2b0~(λ−2b0) ; −λ~ ≤ s ≤ −(λ− 2b0)~,
0 ; s ≤ −λ~.
(44)
When (ii) 2b0 < λ < 4b0,
〈s|ρ+|s〉∆τ=∆τO =

0 ; s ≤ 0,
s
2b0~2(λ−2b0) ; 0 ≤ s ≤ (λ− 2b0)~,
1
2b0~ ; (λ− 2b0)~ ≤ s ≤ 2b0~,
(λ− s~ )
2b0~(λ−2b0) ; 2b0~ ≤ s ≤ λ~,
0 ; s ≥ λ~,
(45)
and
〈s|ρ−|s〉∆τ=∆τO =

0 ; s ≥ 0,
− s2b0~2(λ−2b0) ; −(λ− 2b0)~ ≤ s ≤ 0,
1
2b0~ ; −2b0~ ≤ s ≤ −(λ− 2b0)~,
(λ+ s~ )
2b0~(λ−2b0) ; −λ~ ≤ s ≤ −2b0~,
0 ; s ≤ −λ~,
(46)
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Figure 4: Plot of the diagonal terms 〈s|ρ+|s〉∆τ=∆τO (shown by the red plot) and 〈s|ρ−|s〉∆τ=∆τO
(shown by the blue plot) versus the pointer momentum s for the following cases: (a) λ > 4b0, (b)
λ < 4b0, and (c) λ = 4b0. In all cases, we have let λ = 4 and ~ = 1 while we let b0 = 0.25 in case
(a), b0 = 1.2 in case (b), and b0 = 1 in case (c).
Lastly, when (iii) λ = 4b0,
〈s|ρ+|s〉∆τ=∆τO =

0 ; s ≤ 0,
4s
λ2~2 ; 0 ≤ s ≤ λ~2 ,
4(λ− s~ )
λ2~ ;
λ~
2 ≤ s ≤ λ~,
0 ; s ≥ λ~,
(47)
and
〈s|ρ−|s〉∆τ=∆τO =

0 ; s ≥ 0,
− 4sλ2~2 ; −λ~2 ≤ s ≤ 0,
4(λ+ s~ )
λ2~ ; −λ~ ≤ s ≤ −λ~2 ,
0 ; s ≤ −λ~,
(48)
In each case, 〈s|ρ+|s〉∆τ=∆τO has a support in the interval [0, λ~]. Moreover, it can be shown
in each case that 〈s|ρ+|s〉∆τ=∆τO is symmetric and maximum at s = λ~/2. On the other hand,
〈s|ρ−|s〉∆τ=∆τO has a support in the interval [−λ~, 0] and it is symmetric and maximum at s =
−λ~/2. Clearly, the supports of the 〈s|ρ+|s〉∆τ=∆τO and 〈s|ρ−|s〉∆τ=∆τO do not overlap. These
results imply that a projective measurement of the observable Sz of the spin-1/2 system can be
realized through the apparatus pointer at ∆τ = ∆τO. We show the plots of 〈s|ρ+|s〉∆τ=∆τO and
〈s|ρ−|s〉∆τ=∆τO as functions of s for each of the mentioned cases and for specific parameter values
in Figure 4 (as shown in red and blue plots, respectively).
4.2 Quantum Harmonic Oscillator
We consider the measurement of the energy observable of the quantum harmonic oscillator with
mass m and angular frequency ω by using the measurement model of [6]. Despite the fact that the
quantum harmonic oscillator has an underlying infinite-dimensional Hilbert space, the oscillator’s
energy observable represented by its Hamiltonian is discrete, non-degenerate, and has eigenval-
ues and corresponding eigenstates given by the eigenvalue equation H|ϕk〉 = (k + 1/2)~ω|ϕk〉,
where k = 0, 1, 2, ... is the oscillator’s quantum number. Also, the minimum difference between
the possible energy values of the harmonic oscillator is equal to ~ω [29]. Likewise, we assume
momentum-limited initial states of the probe and pointer which are given by equations (32) and
(33). Then the corresponding closed-form expression for decoherence factors Ik 6=l(b, b′) is
Ik 6=l(b, b′) =
iαg0∆τ
4λκ0
Vkl(b, b
′) Θ(2κ0 − ωαg0|k − l|∆τ), (49)
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Figure 5: Plot of (a) real part, and (b) imaginary part of the decoherence
factors Ik 6=l(b, b′) given by equation (49) as a function of interaction time ∆τ
for the measurement of energy observable of a quantum harmonic oscillator,
with parameter values λ = 2, ω = 2.5, α = 2, κ0 = 0.5, g0 = 2, b = 1, b′ = 2,
k = 2 and l = 1. Both real and imaginary parts of Ik 6=l(b, b′) vanish at and
beyond ∆τ = 0.10. Evaluation of the Ik 6=l(b, b′) by quadratures leads to the
same plots as above.
where
Vkl(b, b
′) =
e
−2iλ
[
κ0
αg0∆τ
(b−b′)+ω|k−l|b′
]
b− b′ −
e
2iλ
[
κ0
αg0∆τ
(b−b′)−ω|k−l|b
]
b− b′ . (50)
Note that k, l = 0, 1, 2, .... It is easy to see that all Ik 6=l(b, b′)’s vanish for ∆τ ≥ ∆τ ′D, where
∆τ ′D = 2κ0/αg0ω is the corresponding decoherence time. Given this condition, exact decoherence
can be achieved at an earlier time for large ω. Figure 5 shows the plot of the real and imaginary
parts of Ik 6=l(b, b′) as functions of time ∆τ . Both real and imaginary parts oscillate with increasing
amplitude in time but then vanish for ∆τ ≥ 0.10, where the minimum value is the decoherence
time ∆τ ′D = 0.10.
Moreover, in considering the orthogonality of the pointer states ρk’s, we evaluate the function
Sk 6=l(b, b′). This is found to have the explicit form
Sk 6=l(b, b′) =

K1(b, b
′) ; 0 < ∆τ ≤ 4λκ0αg0[λω|k−l|+2b0] ,
K2(b, b
′) ; 4λκ0αg0[λω(k−l)+2b0] ≤ ∆τ ≤ 4κ0αg0ω|k−l| ,
K3(b, b
′) ; 4κ0αg0ω(k−l) ≤ ∆τ ≤ 4λκ0αg0[λω|k−l|−2b0] ,
0 ;∆τ ≥ 4λκ0αg0[λω|k−l|−2b0] ,
(51)
where
K1(b, b
′) =
iC2(∆τ)
2b0
[
e−iλω|k−l|b
′− 2iλκ0αg0∆τ (b−b
′)
(b− b′)
sin2(b0b
′)
b′2
− e
−iλω|k−l|b+ 2iλκ0αg0∆τ (b−b
′)
(b− b′)
sin2(b0b)
b2
]
,
(52)
K2(b, b
′) =
C2(∆τ)
8b0
[
f˜(b′) e−
2iλκ0
αg0∆τ
(b−b′)
(b− b′) −
f˜(b) e
2iλκ0
αg0∆τ
(b−b′)
(b− b′) −
φ˜+(b, b
′) e−
2iλκ0
αg0∆τ
(b+b′)
b b′
]
, (53)
and
K3(b, b
′) =
C2(∆τ)
8b0
[
h˜(b) e
2iλκ0
αg0∆τ
(b−b′)
(b− b′) −
h˜(b′) e−
2iλκ0
αg0∆τ
(b−b′)
(b− b′) +
φ˜−(b, b′) e
− 2iλκ0αg0∆τ (b+b
′)
b b′
]
. (54)
In equations (52)-(54), we have the following shorthand notations: f˜(x) = i e−iλω|k−l|x[4 sin2(b0x) +
e−2ib0x]/x2, h˜(x) = i e−i[λω|k−l|−2b0]x/x2, and φ˜±(b, b′) = ±2b0 + λω|k − l| + i(b + b′)/bb′ −
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4λκ0/αg0∆τ . This closed form of Sk 6=l(b, b′) holds provided that λω|k − l| − 2b0 > 0. Thus the
pointer states become exactly orthogonal for ∆τ ≥ ∆τ ′O, where ∆τ ′O is the corresponding orthog-
onality time ∆τ ′O = 4λκ0/αg0(λω − 2b0), and λω > 2b0. Figure 6 shows the plot of the real and
imaginary parts of Sk 6=l(b, b′) as functions of time ∆τ . Both real and imaginary parts vanish for
∆τ ≥ ∆τ ′O = 0.25. By comparing the decoherence and orthogonality times in this example, we
have confirmed that ∆τ ′O > ∆τ
′
D.
Similarly, we show that the supports of the probability densities computed from pointer states
ρk’s are are non-overlapping at ∆τ = ∆τ ′O and λω > 2b0 for different k. In the pointer momentum
s-representation, it is found that the probability densities 〈s|ρk|s〉∆τ=∆τ ′O ’s take forms in the
following three cases: (i) when λω > 4b0,
〈s|ρk|s〉∆τ=∆τ ′O =

0 ; s ≤ λωk~,
( s~−λωk)
2b0~(λω−2b0) ; λωk~ ≤ s ≤ (λωk + 2b0)~,
1
(λω−2b0)~ ; (λωk + 2b0)~ ≤ s ≤ [λω(k + 1)− 2b0]~,
(λω(k+1)− s~ )
2b0~(λω−2b0) ; [λω(k + 1)− 2b0]~ ≤ s ≤ λω(k + 1)~,
0 ; s ≥ λω(k + 1)~,
(55)
(ii) when 2b0 < λω < 4b0,
〈s|ρk|s〉∆τ=∆τ ′O =

0 ; s ≤ λωk~,
( s~−λωk)
2b0~(λω−2b0) ; λωk~ ≤ s ≤ [λω(k + 1)− 2b0]~,
1
2b0~ ; [λω(k + 1)− 2b0]~ ≤ s ≤ (λωk + 2b0)~,
(λω(k+1)− s~ )
2b0~(λω−2b0) ; (λωk + 2b0)~ ≤ s ≤ λω(k + 1)~,
0 ; s ≥ λω(k + 1)~,
(56)
and (iii) when λω = 4b0,
〈s|ρk|s〉∆τ=∆τ ′O =

0 ; s ≤ λωk~,
4( s~−λωk)
λ2ω2~ ; λωk~ ≤ s ≤ λ~ω(k + 12 ),
4(λω(k+1)− s~ )
λ2ω2~ ; λ~ω(k +
1
2 ) ≤ s ≤ λω(k + 1)~,
0 ; s ≥ λω(k + 1)~.
(57)
In each case, 〈s|ρk|s〉∆τ=∆τ ′O has a compact support in the interval [kλ~ω, (k + 1)λ~ω] and is
symmetric at s = λ(k + 1/2)~ω. For different values of k, the support of the probability densities
〈s|ρk|s〉∆τ=∆τ ′O do not overlap. This implies that a projective measurement of the energy observable
of the quantum harmonic oscillator can be realized through the apparatus pointer at ∆τ = ∆τ ′O.
Figure 7 shows the plot of 〈s|ρk|s〉∆τ=∆τ ′O as functions of the pointer momentum s for k = 0, 1, 2
in each of the cases (i)-(iii).
5 Summary and Conclusions
In this paper, we reexamine the system-probe-pointer measurement model of [6] and confirm the
joint state of the system-probe-pointer composite system by solving the von Neumann equation
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Figure 6: Plot of (a) real part, and (b) imaginary part of Sk 6=l(b, b′) given by
equation (51) as a function of interaction time ∆τ at parameter values λ = 2,
ω = 2.5, α = 2, κ0 = 0.5, g0 = 2, b0 = 0.5, b = 1, b′ = 2, k = 2 and l = 1.
The vanishing of Sk 6=l(b, b′) at ∆τ ≥ 0.25 implies the exact orthogonality of
the pointer states at those times. Evaluation of the Sk 6=l(b, b′) by quadratures
leads to the same plots as above.
for the joint density matrix of the system, probe and pointer as a function of measurement time
subject to the condition that the system, probe and pointer are initially prepared in an uncor-
related state and under the assumption that quantum dynamics is dictated by the measurement
Hamiltonian given by equation (1). Here, we are able to reproduce the same joint density matrix of
the system-probe-pointer composite system obtained in [6] via the factorization method of the time
evolution operator, hence we are able to verify the conditions for exact decoherence and exactly
orthogonal pointer states by a rigorous treatment of the system-probe-pointer measurement model.
We also demonstrate the exact decoherence and measurement process of the system-probe-pointer
measurement model in measuring the z-component of spin observable of a spin-1/2 particle and
energy observable of a quantum harmonic oscillator given specific momentum-limited initial states
of the probe and pointer. In each example, we have calculated the closed forms of the decoherence
factors Ik 6=l(b, b′) find that exact decoherence occurs for ∆τ ≥ ∆τD, where ∆τD is the correspond-
ing decoherence time. Also we are able to compute in each example, the closed form expressions
for the functions Sk 6=l(b, b′) that measures of orthogonality of pointer states, and we find that the
pointer states become exactly orthogonal given the conditions λ > 2b0~/a0 and ∆τ ≥ ∆τO, where
∆τO is the corresponding orthogonality time. We compare the decoherence and orthogonality
times in each example and we have confirmed the relation ∆τO > ∆τD, which implies that exact
decoherence occurs at an earlier time and followed by the exact orthogonality of pointer states. In
each example, we also solve for the probability densities 〈s|ρk|s〉 in the pointer momentum space
evaluated at orthogonality time and under the respective orthogonality condition λ > 2b0~/a0. In
each example, we find that the support of 〈s|ρk|s〉∆τ=∆τO are non-overlapping for different k. This
result implies that a projective measurement of the system observable can be realized through the
apparatus pointer at orthogonality time.
With our results, we are able to provide a more detailed picture of how the measurement
scheme of [6] works and confirm its attributes of inducing exact decoherence via one internal
degree of freedom of the apparatus and exactly orthogonal pointer states. Note that these features
of the scheme are realized provided that the probe and pointer are initially in momentum-limited
states. One may ask if there are other initial conditions that can be imposed on the probe and
pointer and therefore lead to exact decoherence. The Hamiltonian HM (t) given by equation (1) is
one of the possible measurement Hamiltonians that can be realized in the model of [6]. We may
consider another measurement Hamiltonian given by
H˜M (t) = µ(t)[γ A⊗ P ⊗ IPo + δ IS ⊗Q⊗Π], (58)
where Π is the momentum operator of the pointer, γ and δ are positive coupling constants and µ(t)
is a square pulse that is only non-zero within the time interval of interaction [23]. The consequent
quantum dynamics of H˜M (t) leads to exact decoherence when the probe is initially in a state
〈p|ψPr〉 ∈ L2(R) that is position-limited. Furthermore, the pointer states are exactly orthogonal
provided a similar assumption on the initial state of the pointer. Our observations on the resulting
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Figure 7: Plot of 〈s|ρk|s〉∆τ=∆τ ′O as a function of the pointer momentum s for k = 0 (blue), k = 1
(red), and k = 2 (black) for the following cases: (a) λω > 4b0, (b) λω < 4b0, and (c) λω = 4b0.
Here we set λ = 2, ω = 2.5 and ~ = 1 in all cases while we let b0 = 0.5 in case (a), b0 = 1.5 in case
(b), and b0 = 1.25 in case (c).
quantum dynamics of HM (t) and H˜M (t) suggest the possibility that for every measurement Hamil-
tonian of a quantum measurement model, there corresponds an initial state or a set of conditions
that, when imposed on the relevant subsystems, leads to exact decoherence and exactly orthog-
onal pointer states. While it is known that EIDT is being criticized for having features of only
approximate suppression of coherences and approximately orthogonal pointer states, the results
of [6] and this present work do not imply that EIDT is incorrect. In fact, the implications of these
results may suggest an approach in coming up with EIDT models that exhibit exact decoherence.
This can be done by further examination of the interaction Hamiltonian of every EIDT model
and finding the corresponding initial state that must be imposed on the degrees of freedom of the
environment in order for exact decoherence to occur and for the pointer states to become exactly
orthogonal.
We emphasize that coming up with a measurement model with decoherence being induced
exactly (either via one or many degrees of freedom) only solves the problem of what process
accounts for the exact quantum state collapse of the second kind. Indeed, the measurement model
of [6] accomplishes the goal of solving of the problem of what accounts for the "exact" statistical
collapse of the quantum state. However, this measurement model does not exhibit the quantum
state collapse of the first kind. Therefore, the measurement problem still stands. In solving the
entire measurement problem, we still have the remaining task of finding out a mechanism that
accounts for the collapse of the first kind and perhaps by further investigation of the existing
quantum mechanical interpretations.
Appendix A Exact Particular Solution to Equations (23) and
(28)
The method of characteristics [28] is used to solve the first-order partial differential equations given
by equations (23) and (28). Rewriting equation (23) in the form
β b g(t)
∂Ckl(q, b; t)
∂q
+
∂Ckl(q, b; t)
∂t
= − i
~
α(ak − al) g(t) q Ckl(q, b; t),
then the corresponding characteristic equation is
dq
βbg(t)
=
dt
1
=
dCkl(q, b; t)
− i~α(ak − al) g(t) q Ckl(q, b; t)
. (A.1)
This is found to have linearly independent solutions
F (q, t, Ckl(q, b; t)) = q − βbg0t, (A.2)
and
G(q, t, Ckl(q, b; t)) = Ckl(q, b; t) e
i
2~
α
βb (ak−al)q2 . (A.3)
Then the general solution to equation (23) takes the form
Ckl(q, b; t) = u(q − βbg0t) e− i2~ αβb (ak−al)q
2
, (A.4)
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where u(q− βbg0t) is a differentiable function of q and t whose explicit form can be obtained from
the initial conditions. Applying the initial condition given by equation (24), then it can be shown
that u(q − βbg0t) is
u(q − βbg0t) = 〈ϕk|ψS〉〈ψS |ϕl〉 |〈q − βbg0t|ψPr〉|2|〈b|ΦPo〉|2e i2~ αβb (ak−al)q
2
× e− i~αg0t(ak−al)q e i2~αβg20t2(ak−al)b. (A.5)
Hence the particular solution to the von Neumann equation (equation 23) is
Ckl(q, b; t) = 〈ϕk|ψS〉〈ψS |ϕl〉 |〈q − βbg0t|ψPr〉|2|〈b|ΦPo〉|2 e− i~αg0t(ak−al)q e i2~αβg20t2(ak−al)b.
Since, Ckl(q, b; t) = fk(q, b; t)f∗l q, b; t), then
fk(q, b; t) = 〈ϕk|ψS〉〈q − βbg0t|ψPr〉〈b|ΦPo〉 e− i~αg0takq e i2~αβg20t2akb.
For equation (28), the characteristic equation is
dq
βbg(t)
= dt, (A.6)
which has a general solution
Ckk(q, b; t) = F (q − βbg0t). (A.7)
Applying the same initial condition (equation 24) leads to the particular solution
Ckk(q, b; t) = |〈ϕk|ψS〉|2 |〈q − βbg0t|ψPr〉|2 |〈b|ΦPo〉|2
Appendix B Entire and Exponential Type Functions
In this section we give a discussion of properties of entire and exponential type functions that
are exploited in this work. Let f(z) be a complex-valued function. This function is called entire
and exponential of type τ > 0 if and only if it satisfies the following properties: (i) f(z) admits
a series expansion f(z) =
∑∞
n=0 anz
n that is convergent in the entire complex plane, and (ii) for
sufficiently large |z|, the inequality |f(z)| < eτ |z| holds [26, 32]. Given an entire function f(z), the
following theorem holds [26]:
Theorem B.1 (Paley-Wiener) An entire function f(z) is exponential of type τ > 0 and belongs
to L2 in the real axis if and only if f(z) =
∫ τ
−τ φ(t) e
itzdt, where φ(t) ∈ L2(−τ, τ).
The Paley-Wiener theorem has the following corollary: if a complex-valued function f(z) is entire
and exponential of type τ > 0 and admits a real line restriction f(x) ∈ L2(R), then the complex-
valued function f(z + a) is entire and exponential of type τ > 0 for every real a [6].
In reference [6] and this paper, wave functions in the Hilbert space whose complex extensions
are entire and exponential type are exploited. Here in particular, we consider the entire function
ψ(z) =
1√
τpi
sin(τz)
z
,
=
1
2
√
τpi
∫ τ
−τ
eikz dk,
(B.1)
for some τ > 0. Then from the Paley-Wiener theorem, equation (B.1) has a complex extension
that is exponential of type τ . Also, it can be shown that ψ(z) satisfies |ψ(z)| < eτ |z| for sufficiently
large |z|.
In Reference [6] and the current work, the products of entire and exponential type functions are
also exploited. Let f1(x) and f2(x) be functions in the Hilbert space L2(R). Also, let the corre-
sponding complex plane extensions f1(z) and f2(z), of f1(x) and f2(x), be entire and exponential
with respective types τ1 and τ2. Then, the complex-valued function f1(z)f2(z) is entire and expo-
nential with type τ = τ1 + τ2. Since, f1(z) =
∫ τ1
−τ1 f˜1(t) e
itz dt and f2(z) =
∫ τ2
−τ2 f˜2(t) e
itz dt, then
we can express f1(z)f2(z) =
∫ τ1+τ2
−(τ1+τ2) g˜(u) e
izu du, where g˜(u) = 12
∫ τ1+τ2
−(τ1+τ2) f˜1((u+ v)/2) f˜2((u−
v)/2) dv. With the use of Paley-Wiener theorem, then the product f1(z)f2(z) is exponential with
an overall type equal to τ1 + τ2 [6].
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